Recently, the equipartition hypothesis in statistical physics has been verified in the case of one-dimensional lattices based on the wave turbulence theory. It has been shown that thermalization should occur for arbitrarily small nonlinearity. Particularly, in the lattices with the polynomial interaction potential V (x) = x 2 /2 + λx n /n for n > 4, the thermalization time T eq is proportional to λ −2 in the thermodynamic limit. In this paper, we apply wave turbulence theory to study the dynamics of one-dimensional disordered chains with the polynomial potential. We show that the universal scaling law can be extended to n = 3 since the three-wave resonances are allowable due to the space-translation symmetry broken. Our results indicate that wave turbulence theory is still applicable to disordered systems.
I Introduction
The study of thermalization of nonlinear lattices has a long history. In 1955 the Fermi-Pasta-Ulam-Tsingou (FPUT) paradox was formulated [1] which suggested the non-equipartition of energy among normal modes of harmonic oscillators coupled with a quadratic or cubic nonlinearity. Since then extensive studies on thermalization for the FPUT model have been carried [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . Nowadays, it has been clarified that the state observed in the original FPUT paper is a metastable state existing in a relatively short time. On a much longer time scale, the model may eventually evolve towards energy equipartition. However, researchers have not reached a consensus over whether there is a threshold above which thermalization would indeed occur. A method developed by Chirikov and Izraielev [2] predicts a threshold and numerical studies confirmed the presence of a threshold above which certain FPUT systems reach a fast thermalized state * Corresponding author: zhaoh@xmu.edu.cn [4, 6, 7] . However, numerical simulations of the FPUT-α model [11, 13] have shown that even for small nonlinearity the system does reach a thermalized state in a sufficient long time. More recently, a detailed study of the FPUT-β model with a finite number of masses [16] shows that thermalization seems to occurs for any, even extremely small, levels of nonlinearity and that the time scale of equipartition matches the prediction based on exact wavewave resonant interaction theory [20, 21] . Further studies [17, 19] have revealed that there is a universal scaling law of the equipartition time, T eq , in the thermodynamic limit, i.e., T eq ∝ λ −2 ε −(n−2) if n ≥ 4, for harmonic models perturbed by nonlinear polynomial interaction potential, i.e.,
Here λ is a positive number and ε denotes the energy density. Extensive numerical simulations have confirmed the validity for an even n, while slight correction is needed for an odd n. This scaling is also reported in Ref. [18] , for FPUT-α, FPUT-β, and discrete nonlinear Klein-Gordon chains. The results presented above are limited to the crystalline models within which wave resonance theory works well. However, many practical materials are disordered in a certain extent. Hence effects of disorder are studied intensively from the viewpoint of fundamental physics, such as Anderson localization [22] . However, on one hand, as far as we know, few studies has been focused on the equipartition problem [15] . On the other hand, this topic is of fundamental importance. It is known that whether there is an amplitude threshold of perturbations below which the Anderson localization can keep stable is still an open problem [23] [24] [25] . It will imply the possibility of the absence of such a threshold if the recent results of equipartition can be extended to disordered systems. More generally, the effect of localization modes, as well as the consequence due to the space-translation symmetry breaking, should be essential issues need to be clarified.
In this paper, we show that due to the symmetry breaking, the constraint on the dispersion-relation between wave vectors and frequencies is relaxed. Thus nwave resonant condition is easily satisfied even including the case of n = 3. Further, following the wave turbulence theory [20, 21] , the n-wave resonance can occur once the n-order polynomial potential in Eq. (1) is present. In these sense, we emphasize that the universal law of T eq ∝ λ −2 should be extended to n ≥ 3. Our extensive numerical simulations confirm that this scaling law is accurate for either even or odd n in the weakly nonlinear region. The paper is organized as follows : the model and theoretical analysis are introduced in section II. The results of the numerical simulations as well as their comparison with theoretical predictions are given in section III. In section IV we draw some conclusions and point out some possible directions for further work.
II Models and Theoretical analysis
We consider a 1D chain of N atoms with nearestneighbours interactions. The corresponding Hamiltonian of the mass-disordered chain is given by
with
Here p i and q i respectively represents the momentum and the displacement from the equilibrium position of the ith atom of mass m i . We set q 0 = q N +1 = 0 in our simulations. The random masses m i is chosen independently and identically from a uniform distribution between m − δm to m − δm, the strength of disorder is then characterized by δm. The second term H describes the nonlinear polyomial interactions. For the sake of simplicity we introduce the shorthand notation V n -model to denote the model (2) with nonlinear polynomial interaction (1) . Note that V 3 -and V 4 -model is respectively known as the FPUT-α [13] and FPUT-β model [16] .
In general, normal modes of disordered systems can be obtained by numerically diagonalizing the harmonic matrix. The elements of the harmonic matrix physically represent the harmonic force constants of the bonds connecting various atoms. Mathematically, the harmonic matrix is defined as
There exists a unitary transformation matrix U, whose columns are the normal modes u k , such that
where Ω is a diagonal matrix whose elements are the normal mode frequencies, namely Ω kk = ω k . Spectral index k is ordered according to the value of frequency, so that
Motivated by previous works [13, [16] [17] [18] , we prefer to work in a new space spanned by an orthonormal basis set {u k }. We define the direct and inverse discrete transform of the q j variables as
We then introduce the complex amplitude of a normal mode a(k, t) as
where P k =Q k . Substituting the above definitions into Eq. (2) and introducing the nondimensional variable
we get the following Hamiltonian for V n -model,
where primes have been omitted for brevity and the matrix A 1,··· ,n weights the transfer of energy between modes indexed by k 1 , k 2 , · · · , k n and is given by
Then, the equation of motion for the k 1 th complex normal mode reduces to
A 1,··· ,n n s=2 a * −ks + a ks .
(12) The evolution equation (12) has a Hamiltonian structure with canonical variables {ia k , a * k }, describing the time evolution of the amplitudes of the normal modes of the system. To evaluate the equipartition time, it is convenient to introduce the wave action spectral density
following the wave resonance approach. We then derive the n-wave kinetic equation in the thermodynamic limiṫ where F(D 1,n ) is a function of D 1 , D 2 , . . . , D n , and δ(ω 1,n ) is the shorthand notation of delta function δ(ω k 1 ± ω k 2 ± · · · ± ω kn ). Following the weak turbulence theory [20, 21] , the T eq is inversely proportional to the amplitude of Eq. (13) if the integral doesn't vanish, and thus one obtains
To guarantee a non-vanishing integral for F (D 1,n ) , it should has
i.e., the n-wave resonant condition for the frequencies should be satisfied. This condition is relatively easy to be satisfied for a sufficiently large system. Firstly, the frequencies will become dense when the system tends to infinitely large. Secondly, each frequency will have a certain degree of broadening due to the nonlinearity. Therefore, one can expect that this condition is satisfied for a finite but sufficiently large system. For the term A 1,··· ,n one can easily show that it reduces to δ(k 1,n ) multiplying a constant factor if the lattice turns to be uniform, which agrees with the result obtained in Ref. [17] . In this case, the integral does not vanish only when the spectral indexes (the so-called wave numbers in ordered lattices) satisfy the resonant condition, i.e.,
Otherwise, by applying the spatial translation invariance condition and the normal mode solutions of a uniform lattice to Eq. (11) one can prove that the integral must vanish. Therefore, to get a non-vanishing integral in the uniform lattice, one needs to seek for the satisfaction of both resonance conditions (15) and (16) . For n = 3, it is known that these two conditions can not be satisfied simultaneously due to the restriction of the dispersion relation between the spectral index and the frequency. However, in a disordered system theÃ 1,··· ,n given by Eq. (11) should not vanish generally due to the absence of the spatial translation invariance. To confirm this argument, we employ the V 3 -model as an example to calculate the probability P that a specific term ofÃ 1,2,3 will be non-vanishing, i.e., for a realization of disorder of δ m we numerically calculateÃ 1,2,3 by Eq. (11) for all of the combinations of k 1 ,k 2 ,and k 3 to find the proportion of non-vanishingÃ 1,2,3 . Figure 1 shows P versus δm for several system sizes. We see that there is a clear transition from δ m = 0 to δ m = 0, with probability changing suddenly from P ≈ 0 to P ≈ 1. In other words, once the spatial translation invariance is removed, the weight A 1,2,3 becomes non-vanishing. Here we defineÃ 1,2,3 to be vanishing ifÃ 1,2,3 < 10 −6 . Therefore, removing the restriction for spectral indexes, we can expect that the universal scaling law of T eq ∝ λ −2 should be observed for all of the V n -model with n ≥ 3. 
III Numerical Verification
We adopt the method presented in Ref.
[12] to calculate equipartition time. The energy of the kth mode is
The indicator of thermalization, ξ(t) = 2ξ(t)e η(t) /N , is adopted, where η(t) = − N k=N/2 w k (t) log w k (t) is the spectral entropy, in which
) dt is the average energy of the kth normal mode. Here, parameter µ controls the size of the time window for averaging and is fixed at µ = 2/3 in our simulation. The equipartition time T eq is measured as that satisfying ξ(T eq )=1/2.
In this paper, the initial energies are randomly distributed among the 10% lowest frequency normal modes. We use the eighth-order Yoshida method [26] to integrate the equations of motion derived by the Hamiltonian (2). The typical integration time step is set to ∆t = 0.1. In order to reduce the fluctuations, a further average on 120 different random choices of the phases uniformly distributed in [0, 2π] is introduced for each realization of disorder. In the following, when there is no risk of confusion we useĒ k (t) or ξ(t) to denote both variable itself and its average value over 120 phases. Average over 10 realizations of disorder is also taken into consideration and we show that this makes no significant difference on our conclusion.
The results ofĒ k (T ) versus k/N and the dependence of ξ(t) on time t are shown in Fig. III . Our focus here is on the V 3 -model, while results of the models with other interactions are not presented, since the scenarios in these models are quite similar. It is seen from Fig. 2(a) that the energy of the initial excited modes decreases continuously with time. Meanwhile, the energy of other frequency modes grows continuously with time. Eventually, the energy of all modes approaches to the global equipartition. The metastable state, in which theĒ k (T ) keeps its profile nearly unchanged in a very long range of initial time scale with weak nonlinearity and was found in the FPUT models [10] and ϕ 4 model [3] , is not found here. This phenomenon of the the disordered model is similar to that found in the FK model [14] . Note that H = εH under the scaling transformation q i = q i ε 1/2 for the v n model, hence, the nonlinear parameter λ and the energy density ε has a rigid scaling relation λ = λε (n−2)/2 . Therefore, it is equivalent to studying the scaling of λ by fixing ε or that of ε by fixing λ. Here, we perform the latter with fixed λ = 1. However, numerical simulation can only be performed with finite-size system. The strategy is to investigate the tendency with increasing system size. This is shown in Fig. 3(a) by taking the case of n = 4 as an example. We see that with the increase of the system size the result converges to the theoretical prediction T eq ∝ ε −2 perfectly. We thus infer that in the thermodynamical limit this scaling law can be extended to arbitrarily small energy density. Note that in our calculation only one realization of disorder for a fixed-size system is used, since we have checked that computation efforts on average over realization, say 10 realizations in our simulation, make no difference within the accuracy of calculation. Figure 3(b) shows the results for the V 3 -, V 4 -, and V 5 -model. It can be saw that they all agree with the theoretical prediction. Particularly, for the V 3 model it shows a more fast convergence to T eq ∝ ε −1 , which is equivalent to T eq ∝ λ −2 . Therefore, the universal scaling law can be extended to n = 3 for the disordered system. Furthermore, comparing to the ordered counterpart, we find that the theoretical prediction is satisfied perfectly either for even and odd n of V n model. We conjecture that it is should be also due to the spatial translation symmetry breaking. 
IV Conclusions
We show that major theoretical and conceptual frameworks in the filed of WT theory still works well for the disordered systems. These results provide a general prediction for discussion and further research to reach a generally conclusion about long time dynamics of onedimensional real materials, since disorder is usually encountered when one begins to deal with real materials in laboratory.
